A simple formula is given for the n-field tree-level MHV gravitational amplitude, based on soft limit factors. It expresses the full S n symmetry naturally, as a determinant of elements of a symmetric (n × n) matrix.
Introduction
This note extends the material introduced in (Hodges 2011) . That paper showed how BCFW recursion (Britto, Cachazo, Feng and Witten 2005) can be applied with N=7 super-symmetry to write down simplified expressions for all tree-level gravitational amplitudes. In particular, for MHV amplitudes this method yielded a recursion relation which avoids spurious double poles and gives a direct proof of the standard BGK expressions (Berends, Giele and Kuijf 1988) , later justified on quite different grounds by Mason and Skinner (2009) . Further sections of the paper developed a calculus of phase factors in which shorter and suggestive expressions for 6-and 7-field MHV amplitudes were given. Now we pursue this program further by proving a new formula for the n-field MHV amplitude. This, the analogue of the Parke-Taylor formula in gauge theory, effects a great simplification. This new result also clarifies the momentum-twistor picture introduced in (Hodges 2011) , by proving the existence of polynomials which express the content of the gravitational interaction.
The phase factor and soft factor definitions
In (Hodges 2011 ) the following useful definition of phase factors was given:
We now make a different definition, using the symbol φ to avoid confusion with the ψ. For i = j the definition is just the same, but when i = j we make a significant change:
This new quantity is the (negative of the) universal gravitational soft factor associated with adding the ith field to the others, as defined in (Nguyen, Spradlin, Volovich and Wen, 2009 ). Momentum conservation ensures that the definition is independent of the spinors x, y. Note that the spinorial weight of the φ i j is (−2) on each index, this remaining true for φ i i . It is most important to note that φ i i is only defined relative to a complete set of n momenta summing to zero; it has an implicit dependence on the the other (n − 1) momenta. This negative sign is chosen so that we have a convenient form for the vital linear relation, from which everything flows:
It is also convenient to define
so that the c ijk are completely antisymmetric in their indices.
As in (Hodges 2011) , we shall use square brackets round indices to indicate antisymmetrization without any 1/n! factor.
The new formula
Then the main result is that the reduced gravitational MHV amplitudeM n is given simply by:
where α and β are any permutations of {123 . . . n}.
The ±1 factors for the signature of the permutations are obviously necessary. Otherwise, the overall sign is not of great importance, as the definition of the reduced amplitude is conventional. But the (−1) n+1 ensures thatM 3 (123) is simply c 123 c 123 and that for n > 3 the formula is consistent with the definition ofM n given by the recursive relation in (Hodges 2011) , as we shall soon show.
Equivalently, let Φ be the n × n symmetric matrix formed by the φ i j , and |Φ| rst ijk be the (n − 3) × (n − 3) minor determinant obtained by striking out rows i, j, k and columns r, s, t. Then
where
We first establish that formulas (5) and (6) are well-defined, i.e. that they are independent of the permutations, and so enjoy S n symmetry. We first show that
Note that {r, s, t} may overlap with {1, 2, 3, 4}, without restriction.
To do this, it is useful to define f
That is, the rows in the complete n × n matrix f i j all sum to zero. The identity to be shown is equivalent to:
rst , which is immediate from (8) and the elementary properties of determinants. But now similarly c ijk |Φ| ijk rst = −c ijm |Φ| ijm rst , and then any permutation can be composed from such transpositions. This completes the proof, and presents the S n symmetry as a trivial consequence of (3).
The expression (5) is thus well-defined, completely symmetric, and also of the right spinorial weight. It remains to show that it satisfies the recursion relation as derived in (Hodges 2011) , at equation (59):
wherê
so that1 (p) +p = 1 + p + n. The notation1 (p) is used to emphasise that the shifted momentum1 is different in each of the (n − 3) terms, depending on p.
We can exploit the freedom of representation offered by the new formula to choose a helpful representation of theM n−1 at each point of the recursion. The algebraic complexity arises mainly from the 'shifted' momenta1 (p) andp, so we craftily put these within the set of three which do not appear in the determinant. In fact we choose the triple {12p} for both the excluded rows and the excluded columns. We also note that
so that the consistency of the recursion relation (9) is equivalent to showing:
Here the hattedΦ is an (n − 1) × (n − 1) matrix in which the objectsφ i j are defined with respect to the (n − 1) shifted momenta {1 (p) , 2, 3 . . . p − 1,p, p + 1, . . . n − 1} summing to zero. Our choice of representation means that the only difference betweenφ i j and φ i j is that within the pth term,
Again it is useful to write:
i j for 3 ≤ i, j ≤ n−1, with its minor determinants indicated in the same way as for Φ, andF analogously. So in these terms, it is required to prove that:
To do this, we expand the f Summing over all p and all q, and so symmetrising over p and q, the Schouten identity gives this simple expression for the sum of all first-order corrections:
A typical second order term comes from taking two corrections in the pth term of the summation, say from f The same simplification occurs at every order, so it remains only to show that:
But this too is simple. Consider the (n − 3) × (n − 3) matrix H with entries
Thus H has the same entries as F , but with the addition of f n i to elements down the main diagonal. Each row of H sums to zero, by (8), so its determinant |H| vanishes. On the other hand, we can also expand |H| in terms of the number of f n i factors. The zeroth order part is just |F |. The ith order part is
Thus the claim we are checking reduces to
which indeed is true, being equivalent tō
This observation concludes the recursive proof of the new formula forM n .
It is striking that whilst determinants are naturally thought of as generating antisymmetry, the minor determinants of the symmetric Φ matrix naturally yield a S n -symmetry -exactly as needed for a gravitational amplitude. This suggests scope for generalization beyond MHV tree amplitudes.
The new formula is much simpler than the BGK-Mason-Skinner expression, in a very concrete sense. Given numerical data for the spinors, it requires only O(n 2 ) operations to find the φ i j , after which the determinant of a symmetric matrix of order (n − 3) must be computed. This is easily achieved in (better than) O(n 3 ) time. In contrast, the BGK-Mason-Skinner formula requires summation over (n − 3)! terms and so grows exponentially. The new gravitational formula even compares well with gauge theory, where the simplicity of the Parke-Taylor formula emerges only after the separation into (n − 1)!/2 colour-order sectors, all of which must be considered. For a general gluon interaction, therefore, the complexity is exponential in n. This formula might be seen as an indication of the emergent simplicity of gravitational scattering, notably advanced by Nima ArkaniHamed, Freddy Cachazo and Jared Kaplan (2008) . It can hardly be doubted that further enormous simplifications can be achieved.
Illustrative examples
The new formula includes all the expressions given in (Hodges 2011) 
but now we also have, for instance, 
Likewise for n = 6 we have the new expression found in (Hodges 2011) :
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5 The momentum-twistor numerator
It was conjectured in (Hodges 2011) , at equation (97), that a natural polynomial arises when we express the n-point gravitational MHV amplitude in terms of the momentum-twistor space introduced in (Hodges 2009) . That is, we define
and the conjecture is that N n is a polynomial (rather than a rational function). 
Translating this into momentum twistors as defined by the ordering (123 . . . n), it is obvious that just two denominator factors of 12 will occur in each term of the expansion. These are safely absorbed in i i, i + 1 i<j ij , and the numerator function is therefore not singular in 12 . By cyclicity, it cannot be singular in any other i, i + 1 . A similar argument applies to all the other ij factors, and so it must be a polynomial.
For n = 5 it was shown in (Hodges 2011 ) that the polynomial is the area of a pentagon defined by the 5 points in C 2 defined by 1234 π A ′ 5 etc. The general polynomial is of degree (n − 3) in the twistors and degree (n − 3)(n − 4)/2 in I. So it is a (n − 3)-degree polynomial in the n!/(n − 4)!4! objects like 1234 π A ′ 5 . . . π N ′ n . It remains to be seen how this can be characterized geometrically.
